-sphere while there
Let MS
flow (M n , k) and MS diff (M n , k) be Morse-Smale flows and diffeomorphisms respectively the non-wandering set of those consists of k fixed points on a closed n-manifold M n .
For k = 3, we show that the only values of n possible are n ∈ {2, 4 
Introduction
In 1960, Steve Smale [31] introduced a class of dynamical systems (flows and diffeomorphisms) called later Morse-Smale systems. It was proved that Morse-Smale systems are structurally stable and have zero entropy [26, 28, 30] . In this sense, Morse-Smale systems are simplest structurally stable systems. One can define Morse-Smale systems as being those that are structurally stable and have non-wandering sets that consist of a finite number of orbits. There are deep connections between dynamics and the topological structure of support manifolds [8, 18, 24, 31, 32] . On a closed manifold, any Morse-Smale system has at least one attracting orbit and at least one repelling orbit. Thus, the simplest Morse-Smale system has the nonwandering set consisting of two points: a sink and source. In this case, the supporting n-manifold is an n-sphere S n , and any orientation preserving Morse-Smale systems are conjugate i.e., have the same dynamics (of north-south type) [17, 29] . It is natural to study Morse-Smale systems whose non-wandering sets consist of three fixed points. The existence of such systems follows from [15] , where one proved the existence of closed manifolds admitting Morse functions with exactly three critical points, and [31] where one proved that any gradient flow can be approximated by Morse-Smale gradient flow. Our first theorem (that is a generalization of [15] ) describes closed manifolds admitting Morse-Smale systems with the non-wandering set consisting of three fixed points. • for n 4, the homotopy groups π 1 (M n ) = · · · = π n 2 −1 (M n ) = 0, and hence, M n is simply connected and orientable;
• M n is a compactification of R n by an n 2 -sphere.
The first step of the proof is based on the following result. 
Later on, the proof of Theorem 1 connects with the possibility for the closure of separatrices to be wildly embedded. Such possibility for simple Morse-Smale systems was discovered by Pixton [25] who constructed the gradient-like Morse-Smale diffeomorphism f : S 3 → S 3 with two sinks, a source, and saddle such that the closure of 2-dimensional separatrix of the saddle is a wildly embedded 2-sphere while the closure of the 1-dimensional separatrix forms a half of the wildly embedded Artin-Fox arc [6] . The similar examples were constructed in [7, 10] , where the classification of gradient-like Morse-Smale diffeomorphisms was considered. The effect of wildly embedding looks the most interesting when the number of fixed points is minimal, and there are no heteroclinic intersections. It follows from [25, 9] that four is the minimal number of fixed points when the effect of wildly embedding holds for 3-dimensional Morse-Smale diffeomorphisms. One can easy prove that the closure of separatrix is locally flat for any 2-dimensional Morse-Smale systems (diffeomorphisms and flows) and 3-dimensional Morse-Smale flows. The second step of the proof of Theorem 1 is based on the following theorem that is interesting itself. The structure of the paper is the following. In Section 1, we formulate the main definitions, give some previous results, and describe the special neighborhood of saddle fixed point. In Section 2, we prove Theorems 1, 2, 3, the first item of Theorem 4, and Theorem 5. At last, in Section 3, we construct the corresponding examples that are essential parts of last item of Theorem 4, and Theorem 6.
Main definitions and previous results
Basic definitions of dynamical systems one can find in [4, 30, 33] . A dynamical system (diffeomorphism or flow) is MorseSmale if it is structurally stable and the non-wandering set consists of a finitely many periodic orbits (in particular, each periodic orbit is hyperbolic and, stable and unstable manifolds of periodic orbits intersect transversally). Many definitions for Morse-Smale diffeomorphisms and flows are similar. So, we shall give mainly the notation for diffeomorphisms giving the exact notation for flows if necessary. 
We assume that
is integral one for the system (1).
Proof. Taking in mind (1), one gets
Fix k 2 and denote by T n−2 r the set of points whose coordinates satisfy the equations
is naturally homeomorphic to the product of the spheres S
. One can check that every trajectory of V s belonging to H n−1 intersects T n−2 r at a unique point. Therefore, H n−1 is homeomorphic to T n−2 r × R. 
Flatness and wildness
For 1 m n, we presume Euclidean space R m to be included naturally in R n as the subset whose final (n − m) coordinates each equals 0. [14] . The similar notation is used for a
For the reference, we formulate the following lemma proved in [19] (see also [17, 20] is not homeomorphic to a 3-sphere [16, 22] . The contradiction follows the statement. 2
Proof of main results
Proof of Theorem 2. The time-one-shift along the trajectories of a flow f ω . Gluing n-balls to these components, one gets a closed manifold M n 2 . Since f (U ω ) ⊂ U ω , one can extend f to M n 2 such that f will have a source and two sinks. This is impossible.
By [17] , the absence of 1-dimensional separatrices implies that a Morse-Smale diffeomorphism has unique source and unique sink, and M n is orientable. We show above that k = 1 and k = n − 1. As a consequence, M 1 = M n−1 = 0, and M n is simply connected.
Suppose σ is of type (n − k, k).
one holds M j = 0. Since the left parts of (3) 
n . This is impossible. 2
Proof of Theorem 3. It remains to prove that
∪ {α} are locally flat provided n 6. It follows from [13] (see [34, 12] ) that k-manifold has no isolated wild points provided n 5, k = n − 2. [23] , one considered connected components of wandering set of topological flows, and it was proved that if a connected component contains an embedded (n − 1)-sphere that does not bound a ball, the connected component is homeomorphic to the prime product Σ n−1 × (0, 1). As a consequence, ∂ T homeomorphic to (n − 1)-sphere S n−1 . Therefore, B induces the fiber bundle of S n−1 over an n 2 -sphere with a fiber ( n 2 − 1)-sphere. It is well known that for n 6, such bundles are Hopf bundles existing for n − 1 = 7 and n − 1 = 15 [2] . It follows from above results that the n 2 -sphere S ω is the retract of M n \ {α}. Hence, the homotopy groups
This completes the proof of Theorem 1. 
) is a simple closed curve, say C α (resp., C ω ). By Lemma 3, C α (resp., C ω ) is unknotted in ∂U α (resp., ∂U ω ). This implies that S ω and S α are locally flat. 2
Proof of Theorem 5. Let ω f , α f , σ f be the sink, source, and saddle of f t respectively. There are neighborhoods U (ω f ),
. Without loss of generality, one can assume that the both U (ω f ) and U (α f ) homeomorphic to a 4-ball. The similar notation holds for g t .
By Proposition 2.15 [27] , there are neighborhoods follows that there is a homeomorphism h * :
) taking the trajectories to the trajectories. Then h * is easily extended to M 4 to get a homeomorphism taking the trajectories of f t to the trajectories of g t . 2
Examples
The proof of the second item of Theorem 4. Here we follow [7, 25] . For the convenience of the Reader, we briefly review the constructions in [7, 25] . Let f t NS be the north-south type flow on the 3-sphere S 3 , Fig. 1(a) . If Take the Artin-Fox configuration consisting of three arcs, see Fig. 1(b) . One can assume that the Artin-Fox curve l AF is the union of shifts f m NS , m ∈ Z, so that l AF connects ω and α, and l AF is invariant under f NS . Well known that the ArtinFox closed arc l AF ∪ {α} ∪ {ω} is wild at ω and α [6, 14] . Let T be a tubular neighborhood of l AF such that T is invariant under f NS . Actually, T is an infinite cylinder that can be thought of the support of Cherry type flow g t with a saddle, say σ , of type (2, 1) and an attracting node, Fig. 1(c) . One can assume that the shift-time-one g 1 = g on ∂ T coincides with the restriction f NS | ∂ T . The Pixton-Bonatti-Grines diffeomorphism f : S 3 → S 3 equals f NS on S 3 \ T and equals g on T . It is easy to see that f is a gradient-like Morse-Smale diffeomorphism such that the closure of unstable separatrix of σ is a topologically embedded 2-sphere that is wild at ω.
Developing this idea we consider a 4-sphere S 4 being the result after the rotation R of 3-sphere S 3 such that R(ω) = ω, R(α) = α. Instead of T , one takes R(T ), and instead of Cherry type flow g t we take the flow on the special neighborhood U 0 with a unique saddle of type (2, 2) .
Here, we keep the notation of Section 1 for n = 4, k = 2. Given a 2-torus T 2 that is the boundary of solid torus P Given any t ∈ R, we introduce 2-torus
that is the boundary of the following solid tori
exp 2t , 
We see that a 2-torus T 
where u, v ∈ [0; 1) are cyclic coordinates on meridians or parallels on T 
is a shift-time-one along the trajectories of f t NS . Clearly, the family of spheres Fig. 3(a) . One can assume that the
is a simple arc connecting the origin O = N and the infinity point S such that l = {S, N} ∪ l • is Artin-Fox curve [6] . Here, we consider the 3-sphere S 3 the both as R 3 completed by the infinity point S, and as the natural part of the 4-sphere S 4 .
Without loss of generality, we can suppose that l intersects transversally all spheres S 3 m , m ∈ Z. Let R be the rotation of the half-space R 3 + about 2-plane x 4 = 0 = x 3 that is defined as
where v ∈ [0, 1]. Since S and N are fixed under R and l
2-sphere. It follows from [3, 13] that l R is wild at S and N.
One can introduce the smooth injective parametrization θ : respectively. Since l is invariant under f NS , there is a tubular
where 
According to [21] , the set M 
AF where C 0 t 1 is compact while the others are not. Denote R(C 0 t 1 ), Because of (6), M
is the union of the following sets:
It follows from (6) that the set 
